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Linearity
We have this in boolean circuits, but not in quantum ones:

i.e., we cannot duplicate quantum states / data / resources — since

quantum physics says so (the “no-cloning” theorem).

But what if a programmer writes a program that uses the same

quantum data twice?

— It is desirable for a programming language to use type theory and

catch such programs as ill-typed. Enforce physics!

x : Coin ⊢ (f (x), x) : Soda ⊗ Coin fC S

This is (part of) why a quantum programming language should have

linear type theory.
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Duplicability modality
But not every data in quantum computing is linear.

• We want to compute functions with classical input and output, e.g.,

(n,m) ↦→ the smallest ℓ s.th. nℓ ≡ 1 mod m.

• We control quantum computers classically:

(special co-processor)

(special co-processor)

Classical unit

(general purpose)

(special co-processor)

(special co-processor)

Quantum unit

(special co-processor)

& control

instruction

results

In particular, circuits we send to the quantum device are classical data.

Classical data are / should be duplicable in these contexts.

The type theory of a quantum programming language should

therefore use the ! modality for duplicability.

3 / 19



Duplicability modality
But not every data in quantum computing is linear.

• We want to compute functions with classical input and output, e.g.,

(n,m) ↦→ the smallest ℓ s.th. nℓ ≡ 1 mod m.

• We control quantum computers classically:

(special co-processor)

(special co-processor)

Classical unit

(general purpose)

(special co-processor)

(special co-processor)

Quantum unit

(special co-processor)

& control

instruction

results

In particular, circuits we send to the quantum device are classical data.

Classical data are / should be duplicable in these contexts.

The type theory of a quantum programming language should

therefore use the ! modality for duplicability.

3 / 19



Duplicability modality
But not every data in quantum computing is linear.

• We want to compute functions with classical input and output, e.g.,

(n,m) ↦→ the smallest ℓ s.th. nℓ ≡ 1 mod m.

• We control quantum computers classically:

(special co-processor)

(special co-processor)

Classical unit

(general purpose)

(special co-processor)

(special co-processor)

Quantum unit

(special co-processor)

& control

instruction

results

In particular, circuits we send to the quantum device are classical data.

Classical data are / should be duplicable in these contexts.

The type theory of a quantum programming language should

therefore use the ! modality for duplicability.

3 / 19



Goals and Outline

The nature and goals of quantum programming call for various other

modalities than ! — e.g. reversibility and controllability of circuits.

This talk focuses on two such modalities.

I. a. We review notions of state and parameter,
b. explore how they give rise to a shape modality, and

c. lay out a type theory of this modality.

II. a. We review a notion of dynamic lifting,

b. explore how it gives rise to a boxability modality, and

c. lay out a type theory of this modality.

III. We then (very briefly) illustrate semantics of the two modalities

as well as !.

II and its semantics are based on Fu-Kishida-Ross-Selinger 2022.

I and its semantics are based on Fu-Kishida-Selinger 2020/22,
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Part I
Parameters, States, and Shapes
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Two Runtimes

i Circuit generation time

ii Circuit execution time

This distinction means that

i Some values are known at circuit

generation time — “parameters”.

E.g., natural numbers,

boolean values we provide.

ii Other values can be known, if at all,

only at circuit execution time — “states”.

E.g., the state of a qubit wire,

the state of a boolean

Note: classical ≠ parameters.

wire.
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So we have parameter types, e.g. Nat and Bool — terms of these types

involve no (non-trivial) states. Among non-parameter types, terms of

some, e.g. Qubit and Bit, involve no (non-trivial) parameters.

Terms of other types involve parameter information as well as states

— this info is often necessary in generating circuits. We call this info

the shapes of the terms. E.g.,

• The shape of a list of qubits is its length. We need to know it

when generating a circuit to be applied to the list.

• The shape of a tree of qubits is the tree of the same shape of units.

We define an idempotent operation Sh on types A and terms t, so that

Sh(A) and Sh(t) are the shapes of A and t. A type is a parameter type

iff it has the form Sh(A). We have laws such as

Sh(A ⊸ B) = Sh(A) → Sh(B),
Sh(List Qubit) = List Sh(Qubit) = List Unit = Nat.
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The notion of shape gives a solution to the following question, which

has been a big challenge to understanding linear dependent types:

Question. Let A be a linear type in the following.

x : A ⊢ t(x) : B(x)
x occurs twice. Does this mean that the resource of x is used twice?

How should we make sense of this?

One answer (Fu-Kishida-Selinger 2020/22): The dependent type B(x)
depends on the shape of x : A — so B(x) does not use the resource of

x; it is used only once, i.e. in t(x).
E.g., we can safely convert lists of qubits (of any lengths) to vectors of

qubits (of specified lengths) by

x : List Qubit ⊢ conv x : Vec Qubit x,
x : Sh(List Qubit) = Nat ⊢ Vec Qubit x : type.because
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Type Theory of Shapes
We can keep track of when the resources in the context are used and

when only the shapes are used, with “index modalities”.

x1 :k1
A1 , . . . , xn :kn An ⊢ t : B

• ki = 1 means that the resource of xi is used exactly once.

• ki = 0 means that only the shape of xi : Ai is used.

• ki = 𝜔 means that the resource of xi is used more than once, and

hence requires that Ai be a parameter type.

R = {0, 1, 𝜔} forms a semiring with

1 + 1 = 𝜔 + 1 = 𝜔 + 𝜔 = 𝜔, 𝜔 · 𝜔 = 𝜔.

Then, for

Γ1 = x1 :k1
A1 , . . . , xn :kn An , Γ2 = x1 :ℓ1

A1 , . . . , xn :ℓn An ,

Γ1 + Γ2 = x1 :k1+ℓ1
A1 , . . . , xn :kn+ℓn An.we have
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Here are some of the rules (Γ ⊢ means “Γ is a well-formed context”).

Γ ⊢ Sh(Γ) ⊢ A : type

k = 𝜔 only if A is a parameter type

Γ, x :k A ⊢

Sh(Γ), x :k Sh(A) ⊢ B(x) : type

Sh(Γ) ⊢ (x : A) ⊸ B(x) : type

x1 :k1
A1 , . . . , xn :kn An ⊢

ki = 1 and kj = 0 for all j ≠ i
x1 :k1

A1 , . . . , xn :kn An ⊢ xi : Ai

Γ, x :k A ⊢ t : B(x)
k = 1 unless A is a parameter type

Γ ⊢ 𝜆x.t : (x : A) ⊸ B(x)
Γ1 ⊢ t1 : (x : A) ⊸ B(x) Γ2 ⊢ t2 : A

Γ1 + Γ2 ⊢ t1t2 : B(Sh(t2))

9 / 19
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Part II
Dynamic Lifting and Boxability



In quantum programming we can distinguish

a Low-level circuit operations: A language constructs a circuit by

appending gates to the circuit one by one.

b High-level circuit operations: Research papers describe algorithms

at a higher level of abstraction. A language may accommodate such

descriptions by devising manipulations at the circuit level — rather

than the gate level — e.g., reversing, iteration, etc.

b is desirable —

but requires that the language treat circuits as data.

We may therefore introduce

• circuit types Circ(S,U),
• operations called boxing and unboxing — which are, roughly,

box : (S ⊸ U) → Circ(S,U), unbox : Circ(S,U) → (S ⊸ U),
• operations on boxed circuits, e.g.,

reverse : Circ(S,U) → Circ(U, S), size : Circ(S,U) → Nat.
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than the gate level — e.g., reversing, iteration, etc.

b is desirable — but requires that the language treat circuits as data.

We may therefore introduce

• circuit types Circ(S,U),
• operations called boxing and unboxing — which are, roughly,
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Boxability
We want to apply high-level operations to circuits, as well as to send

them to the quantum device. To do so, we need to treat circuits as

actual data structures, as opposed to mere lists of instructions.

Therefore, although I wrote

box : (S ⊸ U) → Circ(S,U),
this is not accurate: not everything of type S ⊸ U is an actual circuit,

while only actual circuits are boxable.

If the evaluation of a term t : S ⊸ U involves dynamic lifting, it does

not complete within a given circuit generation time. It is a “thunk”

representing suspended computation, rather than an actual circuit —

in short, t is not boxable.

We would want type theory to be sinsitive to dynamic lifting and to

thereby characterize boxability.
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Type Theory of Dynamic Lifting and Boxability
We index type judgments with boolean modalities 𝛼 = 0, 1.

Γ ⊢𝛼 t : A

• 𝛼 = 1 means that the evaluation of t does not involve dynamic lifting.

• 𝛼 = 0 means that the evaluation of t does involve dynamic lifting.

Clearly, we have the following rule:

Γ ⊢𝛼 t : Bit
Γ ⊢0 dynlift t : Bool

The type system then tracks the boolean modalities — e.g.,

Γ ⊢𝛼 t1 : A Δ ⊢𝛽 t2 : B
Γ,Δ ⊢𝛼∧𝛽 (t1 , t2) : A ⊗ B
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We also need⊸1 and⊸0 and !1 and !0, because values of types

A ⊸𝛼 B and !𝛼 A are thunks.

Their rules are:

Γ, x : A ⊢𝛼 t : B
Γ ⊢1 𝜆x.t : A ⊸𝛼 B

Γ ⊢𝛼 t1 : A ⊸𝛽 B Δ ⊢𝛾 t2 : A
Γ,Δ ⊢𝛼∧𝛽∧𝛾 t1t2N : B

Φ ⊢𝛼 t : A
Φ ⊢1 lift t : !𝛼 A

Γ ⊢𝛼 t : !𝛽 A
Γ ⊢𝛼∧𝛽 force t : A

Finally, here is the rule governing boxability:

Γ ⊢𝛼 t : !1(S ⊸1 U)
Γ ⊢𝛼 boxS t : Circ(S,U)
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Part III
Semantics



Linear-Nonlinear Adjunctions for !

A categorical semantics of the ! modality is given by ! = p ◦ ♭ in

A linear-nonlinear adjunction is a monoidal adjunction

M! C
p

♭

⊥

between a monoidal category M and a cartesian category C.

We can roughly think of

• M as a category of state spaces and generally linear maps,

• C as a category of sets and non-linear functions,

• p as embedding the non-linear structures of C into M,

• ♭ as extracting the set of states from a state space.
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State-Parameter Fibrations for Shapes
To interpret shapes, expand a linear-nonlinear adjunction into

M

C

♯ q p ♭⊣ ⊣
A state-parameter fibration is a fibration ♯ of

a monoidal closed category M over a locally

cartesian closed category C such that . . . .

• M is a category of parameterized families of state spaces,

• ♯ sends a family of state spaces to the set of parameters,

• q embeds C into M by sending a set X to itself,

• p embeds C into M by sending a set X to an X-parameterized

family of monoidal units.

Then ⟦Sh(A)⟧ = p ◦ ♯⟦A⟧ (whereas ⟦! A⟧ = p ◦ ♭⟦A⟧).
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Dynamic Lifting Monads
For dynamic lifting and boxability, let’s first take an analogy:

The “Kleisli category” Sets𝒫 of the powerset monad 𝒫 : Sets → Sets
is the category with

• all sets as objects,

• functions R : X → 𝒫Y as arrows from a set X to another Y.

Since the functions R : X → 𝒫Y correspond to R : X → (Y → 2) and

therefore to the relations R : X × Y → 2, the category Sets𝒫 amounts

to the category of sets and relations. In short, the monad 𝒫 enables us

to use functions to talk about nondeterministic transitions.

Similarly, we take a monad T : M → M in a category M of

(generalized) quantum circuits such that the Kleisli category MT is

a category of probabilistic (generalized) quantum processes.
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Then we can give semantics to the two runtimes by interpretaing

⊢1 and ⊢0 in the two categories:

• Γ ⊢1 t : A is interpreted by an arrow of M:

⟦t⟧ : ⟦Γ⟧→ ⟦A⟧.
• Γ ⊢0 t : A is interpreted by an arrow of MT:

⟦t⟧ : ⟦Γ⟧→ T⟦A⟧.

Γ ⊢1 t : Bit
Γ ⊢0 dynlift t : Bool

⟦t⟧ : ⟦Γ⟧→ Bit
dynlift ◦ ⟦t⟧ : ⟦Γ⟧→ TBool

E.g.,

⟦!1(S ⊸1 U)⟧ = p ◦ ♭⟦S ⊸1 U⟧ = p ◦ ♭(⟦S⟧ ⊸ ⟦U⟧)For

⟦Circ(S,U)⟧ = pM(⟦S⟧, ⟦B⟧),and

we have

p ◦ ♭(⟦S⟧ ⊸ ⟦U⟧) pM(⟦S⟧, ⟦U⟧)
box

unbox

�
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The nature and goals of quantum programming call for linear type

theory with various modalities. In this talk we reviewed

• duplicability as captured by !,

• shape, associated with the notions of state and parameter,

• boxability as an essential condition of high-level operations on

circuits, and

• dynamic lifting,

and saw that these modalities required interesting fine-tuning of type

theory as well as new methods of semantics.

There are many more modalities to be explored — arising from

reversing and controlling of circuits, iteration, recursion, etc. — and I

invite modal logicians to join this exploration!

Conclusion
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