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There are two crystals 𝛼 and 𝛽 in front of an agent 𝐴.
𝐴 knows that one of them is 𝛾, a crystal that she used to own but that
was stolen; she wants to find out which is 𝛾.
But 𝐴 also knows that 𝛾 is not soluble but that the other crystal is,
where “. . . is soluble” means “. . . would be no more if put in water”.
So 𝐴 decides to put both crystals in water,

by the following reasoning:
i 𝛼 = 𝛾 ≠ 𝛽 or 𝛼 ≠ 𝛾 = 𝛽.
ii 𝛾 is not soluble.
iii Therefore 𝛼 = 𝛾 if 𝛽 is soluble but 𝛽 = 𝛾 if 𝛼 is soluble.

This talk will show (roughly) that:

• Most philosophers cannot model this type of reasoning.
• Linguists can model it, but by making it invalid.
• The reasoning is good, but only good due to some metaphysics

that philosophers — and the agent 𝐴 — may get right.
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Part I
Philosophers’ Extensional Logic

and “Necessary A Posteriori”



“Possible Worlds”.

• 𝐴 does not know whether the crystal 𝛼 is

soluble

or not.

4 1

4 2

in-water dissolved
1 t t
2 t f
3 f t
4 f f

4

4

1

2′

□(in-water ≡ dissolved)

□¬dissolved

K¬dissolved

¬K□¬dissolved
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• 𝐴 does not know whether 𝛼 is soluble or not.

ii 𝐴 knows that one of 𝛼 and 𝛽 is soluble while the other is not,
but does not know which.

𝛽

𝛼

𝛽

𝛼

i 𝐴 knows that one of 𝛼 and 𝛽 is 𝛾, but does not know which.

𝛽

𝛾

𝛼

𝛽

𝛾

𝛼

=

=
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Kripke’s semantics.

𝑤1 𝑤2 𝑤3

𝑎

𝑏

𝑐

9

8

7

𝑊

𝐷

∃𝑥 □(𝑥 is red)
is true in 𝑤1, 𝑤2, 𝑤3the # of planets

• Individual variables 𝑥 — rigid.
• Individual constants (proper names) — rigid.
• Definite descriptions — not rigid.
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Hesperus = Phosphorus ⊢ □(Hesperus = Phosphorus)

𝑤1 𝑤2 𝑤3
𝑊

𝐷

This semantics cannot model “𝐴 does not know whether 𝛼 = 𝛾 or not”.

𝛼 is in water ≡ 𝛼 dissolves

¬(𝛼 dissolves)

𝛼 ≠ 𝛾

𝛼 = 𝛾
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The “necessary a posteriori”.
• “Hesperus = Phosphorus” is necessarily true.
• “Hesperus = Phosphorus” is a posteriori.

• “𝛼 = 𝛾” is a posteriori: 𝐴 does not know it but will learn it.
Kripke’s semantics models the necessity of identity, but cannot model
the aposteriority of identity.
— Actually, the situation is even worse: We have
• 𝐴 knows that 𝛼 ≠ 𝛾 = 𝛽 if 𝛼 is soluble.

So, if the semantics cannot model
• 𝐴 does not know 𝛼 = 𝛾

since it has 𝛼 = 𝛾 in every world,

𝛼 soluble

¬(𝛼 soluble)

𝛼 ≠ 𝛾

𝛼 = 𝛾

then neither can it model
• 𝐴 does not know that 𝛼 is soluble.

How can the “necessary a posteriori” in general be a posteriori?

6 / 22
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Counterpart theories.
• Counterpart relation (Lewis 1968).
• Context-relative (Lewis 1971, Gibbard 1975).
• Sort-relative “sameness” (D. Graff Fara 2008, 2012).

Goliath the statue = Lumpl the lump of clay.

𝑤1 𝑤2
𝑊

𝑔 = ℓ
𝑎

𝑏

Sortals give “criteria of identity” across different worlds.
Whether a given concept is a sortal or not can be a posteriori.
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Sortals:
• They give “criteria of identity” across different worlds.
• Whether a given concept is a sortal or not can be a posteriori.

Kripke:
• 𝛼 = 𝛾 ⊢ □(𝛼 = 𝛾),

indeed any (true) identity
is necessarily true.

𝑤1 𝑤2 𝑤3
𝑊

𝐷

Philosophers arrive at metaphysical principles by reasoning, which
may involve some a posteriori facts, but their semantics simply reflect
the end results as part of the definition.
What about the logic that the philosophers use in this reasoning?

How can agents come to know such principles?
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Summary of Part I.

• Philosophers’ extensional modal logics each have their own
metaphysical principles — e.g. ones concerning cross-world
reference — built into the semantics as matters of logic, rather
than substantive facts.

• Therefore the logics and semantics cannot model how agents
come to know these principles as well as “necessary a posteriori”
facts whose necessity arises from them.
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Part II
Intensional Quantified Modal Logic



Bressan 1962/1972, Gupta 1980, Belnap-Müller 2013
(equivalent to Montague 1973, similar to Hintikka 1975, Scott 1985).

“individual intension”: function 𝛼 from 𝑊 s.th. 𝛼(𝑤) ∈ 𝐷𝑤 ∪ {∗}, or
partial function 𝛼 from 𝑊 s.th. 𝛼(𝑤) ∈ 𝐷𝑤 if defined

𝛼(𝑤) is 𝛼’s “extension at 𝑤”

Π = the set of all individual intensions

𝑤1 𝑤2 𝑤3 𝑤4 𝑤5
𝑊

𝐷𝑤1 𝐷𝑤2 𝐷𝑤3 𝐷𝑤4 𝐷𝑤5

𝛽(𝑤5) = ∗ or
𝛽(𝑤5) undef
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𝑤1 𝑤2 𝑤3 𝑤4 𝑤5
𝑊

𝐷𝑤1 𝐷𝑤2 𝐷𝑤3 𝐷𝑤4 𝐷𝑤5

• Variables 𝑥 range over Π.

• Constants 𝑐 ⟦𝑐⟧ ∈ Π.

• Function symbols 𝑓 ⟦ 𝑓 ⟧ : Π𝑛 → Π.
(Its “extension at 𝑤” is a function : Π𝑛 → 𝐷𝑤 ∪ {∗}.)
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=

=
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=

∗
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• Predicates 𝐹 ⟦𝐹⟧ : Π𝑛 → 𝒫𝑊 .

• 𝛽 is green in 𝑤2 , . . . , 𝑤5 ∈ ⟦Green⟧(𝛽).

• “𝛼 = 𝛽” in 𝑤3 ∈ ⟦=⟧(𝛼, 𝛽).
• “𝑥 exists” ⇐⇒ 𝑥 ≠ ∗.

Predication is generally intensional but can be extensional.
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• Quantifiers: ∃𝑥 · · · “Some 𝑥 is . . . ”.

• “Some 𝑥 that exists is . . . ”.

• Modalities: □ “In every world, . . . ”.

• “□(𝑥 exists only if it is . . . )”.
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• Variables 𝑥 range over Π. • Constants 𝑐 ⟦𝑐⟧ ∈ Π.

• Descriptions 𝜄𝑥𝜑(𝑥) ⟦ 𝜄𝑥𝜑(𝑥)⟧ ∈ Π.

𝑤1 𝑤2
𝑊

8 = #𝑃
8

#𝑃 = 7

𝑤3 𝑤4

𝛼 = 𝛾 ≠ 𝛽 𝛼 ≠ 𝛾 = 𝛽
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• Descriptions 𝜄𝑥𝜑(𝑥) ⟦ 𝜄𝑥𝜑(𝑥)⟧ ∈ Π.
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Part III
Modal Reasoning and Theorizing



Expressive power of the intensional logic.

𝑤1 𝑤2 𝑤3 𝑤4 𝑤5
𝑊

𝛾

𝜆

=

• Goliath is a statue, not clay. 𝜑(𝛾).
• Goliath is made of clay. ∃𝑥(𝜑(𝑥) ∧ 𝑥 ≠ ∗ ∧ 𝑥 = 𝛾).

Properties of properties: e.g., 𝜓, “. . . is made of clay”, is
• Existence-implying.

∀𝑥(𝜓(𝑥) ⊃ 𝑥 ≠ ∗).

• Extensional.

∀𝑥∀𝑦(𝑥 = 𝑦 ⊃ (𝜓(𝑥) ≡ 𝜓(𝑦))).

Such (metaphysical) properties of properties can be defined
using the logic.
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The following 3 may be the most important property of properties in this talk:

1 “𝜑(𝑥) is modally constant” ⇐⇒ ∀𝑥(□𝜑(𝑥) ∨ □¬𝜑(𝑥)).
2 “𝑥 and 𝑦 are parallel” ⇐⇒ □(𝑥 = 𝑦) ∨ □(𝑥 ≠ ∗ ∧ 𝑦 ≠ ∗ ⊃ 𝑥 ≠ 𝑦).
3 “𝜑(𝑥) is absolute” ⇐⇒

𝜑(𝑥) is modally constant and moreover “modally separated”, i.e.,
□∀𝑥∀𝑦(𝜑(𝑥) ∧ 𝜑(𝑦) ⊃ 𝑥 and 𝑦 are parallel).

𝑤1 𝑤2 𝑤3 𝑤4 𝑤5
𝑊

𝛼

𝛽

𝛾

𝛿

=

=
= =

=

∗
∗
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𝑤1 𝑤2 𝑤3 𝑤4 𝑤5
𝑊

𝐷𝑤1 𝐷𝑤2 𝐷𝑤3 𝐷𝑤4 𝐷𝑤5

6

7

8

9
9

N𝑥 “𝑥 is a number”.
∃𝑥(N𝑥 ∧ 𝑥 = 𝛼 ∧ 𝑥 > 7)

∃𝑥(N𝑥 ∧ 𝑥 = 𝛼 ∧ □(𝑥 > 7)) □∃𝑥(N𝑥 ∧ 𝑥 = 𝛼 ∧ 𝑥 > 7)
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The expressive power of the intensional logic enables us to redraw
“logic-theory distinction” in modal metaphysics. For instance:

Axiomatizing Kripke’s semantics as a theory.

Predicate 𝑇, “. . . is a thing”, with axioms:
• 𝑇 is absolute.
• ∀𝑥∃𝑦(𝑦 = 𝑥 ∧ 𝑇𝑦).

𝑤1 𝑤2 𝑤3 𝑤4
𝑊

𝐷𝑤1 𝐷𝑤2 𝐷𝑤3 𝐷𝑤4

• 𝑇𝑐 (for all names 𝑐).

Then translate Kripke’s language into ours:
• ∀𝑥 ∀𝑥(𝑇𝑥 ∧ 𝑥 ≠ ∗ ⊃ · · · ).
• □𝜑(𝑥) ∃𝑦(𝑇𝑦 ∧ 𝑦 = 𝑥 ∧ □𝜑(𝑦)).

For each predicate 𝐹 of Kripke’s language, an axiom:
• 𝐹 is “essentially extensional”, i.e.

□∀𝑥∀𝑦(𝑥 ≠ ∗ ∧ 𝑦 ≠ ∗ ∧ 𝑥 = 𝑦 ⊃ (𝐹𝑥 ≡ 𝐹𝑦)).

This theory then proves the translation of 𝑥 = 𝑦 ⊃ □(𝑥 = 𝑦).
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Agents’ modal reasoning and theorizing.
Firstly, the intensional logic / semantics can deem ignorance of
“𝛼 = 𝛾” consistent with “□(𝛼 = 𝛾)”:

𝑤1

𝑤2

𝑤3

𝑤4

𝛼 = 𝛾 ≠ 𝛽

𝛼 ≠ 𝛾 = 𝛽

□(𝛼 = 𝛾 ≠ 𝛽)

□(𝛼 ≠ 𝛾 = 𝛽)

𝑤1 𝑤2

𝑤3 𝑤4
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But the semantics shows that the agent’s reasoning i , ii / iii is invalid.

0 K(𝐶 is absolute), K 𝐶𝛼, K 𝐶𝛽, K 𝐶𝛾

i “𝛼 = 𝛾 ≠ 𝛽 or 𝛼 ≠ 𝛾 = 𝛽”.

∴

K(𝛼 = 𝛾 ≠ 𝛽 ∨ 𝛼 ≠ 𝛾 = 𝛽)

ii “𝛾 is not soluble.”

∴

K□(𝛾 ≠ ∗)

iii “So if 𝛽 is soluble then 𝛼 = 𝛾.”

∴ K(¬□(𝛼 ≠ ∗) ⊃ 𝛽 = 𝛾)

𝑤3 𝑤1 𝑤2 𝑤4

∗ ∗ ∗ ∗

The logic / semantics demonstrates the role of such metaphysical
assumptions as 0 in the agent’s (good) modal reasoning i , ii / iii .
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Conclusion

• Extensional modal logics proposed by philosophers each have their own
metaphysical principles built into the semantics. They hence cannot model
agents’ modal reasoning and theorizing toward these principles as well as
“necessary a posteriori” facts whose necessity arises from these principles.

• Intensional logic by Montague (and some philosophers) can model such
reasoning and theorizing, by treating the relevant metaphysical principles
and facts as substantive but expressible ones.

• This observation redraws “logic-theory distinction” by framing extensional
logics as theories of modal metaphysics. (This is not to say that extensional
logics are mistaken or useless.)

• Intensional logic says that modal reasoning and theorizing of the kind above
are not valid — which is good, because they are not! The logic makes explicit
the logical role of metaphysical principles and facts, not just in the agents’
modal reasoning but also in our own.
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